as follows
(q − q −1 )[e i (z), f j (w)] = δ(i, j) ǫ(c −2 · z/w) · k
(d m ij z − q aij w) · e i (z) · e j (w) = (q aij d m ij z − w) · e j (w) · e i (z),
{e i (z 1 ) · e i (z 2 ) · e j (w) − (q + q −1 ) · e i (z 1 ) · e j (w) · e i (z 2 ) + e j (w) · e i (z 1 ) · e i (z 2 )}+ +{z 1 ↔ z 2 } = 0, if a ij = −1, 
Remarks. (i)
The map e i (z) → e i+1 (z),
, where n stands for 0, extends to an automorphism of the algebraÜ.
(ii) The algebraÜ contains two remarkable subalgebras,U h andU v , both isomorphic to the affine quantum groupU. The first one, the horizontal subalgebra, is generated by e i = e i,0 , f i = f i,0 , k ±1 i , with i = 0, 1, ..., n− 1. The second one, the vertical subalgebra, is generated by
i , where i = 1, 2, ..., n − 1, k ∈ Z and l ∈ Z × . It is convenient to introduce an additional triple of generators e n , f n , k ±1 n , such that the vertical subalgebra is generated by e i , f i , k ±1 i , with i = 1, 2, ..., n, modulo the usual q-deformations of the Kac-Moody relations of type A
(1) n−1 .
For any vector space V and any formal variable
where k is a certain integer and k ∈ {1, 2, ..., n}. The
] is endowed with a representation of the quantized enveloping algebra of sl n , sayU, such that the Kac-Moody generators act as
for all j ∈ Z and i = 0, 1, 2..., n − 1, where δ(i, j) is the Kronecker symbol. Let us recall thatU is generated by e i , f i , k ±1 i (i = 0, 1, ..., n − 1) modulo the usual Kac-Moody relations.
5.
Consider now the tensor product
The monomials in the v i 's are parametrized by d-tuple of integers. It is convenient to view such a d-tuple as a function j : Z → Z such that j(k+d) = j(k)+n for all k : the map j is simply identified with the d-tuple
] is endowed with aU action generalizing the representation in section 4 as follows if j ∈ P d (see [GRV] ) :
where i = 0, 1, ..., n−1, v j = v j1 ⊗v j2 ⊗· · ·⊗v j d and j ± k is the function associated to the d-tuple (j 1 , j 2 , ..., j k ± 1, ..., j d ). This action commutes with the action ofḢ d such that :
where τ k,l acts on the k-th and l-th components of
A direct computation shows that X i acts as
where σ i,j is the operator which exchanges the i-th and the j-th components in (
, with basis the monomials v j such that j belongs to the set
Proof. For any j ∈ P d we write j = n j + j, with j ∈ P d and j ∈ P
The map p is surjective. Namely for all s, t, j, there exists a monomial m in the
The surjectivity follows since the X a T w 's form a basis ofḢ d . As for the injectivity, the kernel of p is free and vanishes when q = 1. Thus we are done.
Let us recall that the affine quantum groupU is endowed with a coproduct ∆ such that
Then (see [GRV] , and [GL] for the finite case)
] are exactly the ones built from the e i , f i and k i in section 4 by iterating the coproduct ∆. Moreover
where σ k stands for σ k,k+1 and P s k is P with X k and X k+1 exchanged.
Proof. Since T k commutes with any polynomial symmetric in the variables X k and X k+1 , we get
. Geometrically the formulas in the previous section may be viewed as follows. Suppose that q is a prime power and let F be the field with q 2 elements. Denote by K = F((z)) the field of Laurent power series.
Similarly n B is the set of n-steps periodic flags, i.e. of sequences of lattices
The group GL d (K) acts on B and n B in a natural way. The orbits of the diagonal action of GL d (K) on n B × B are parametrized by P d . If e 1 , e 2 , ..., e d ∈ K d is the canonical basis, we associate to j ∈ P d the orbit,
where
be the convolution algebras of invariant complex functions supported on a finite number of orbits. It is well known that
is a quotient ofU (see [GV] ). As a consequence, the convolution product induces an action 7. Let now consider the K-theoretic analogue of the previous construction in the same way as in [GRV] , [GKV] . From an algebraic point of view here is what we get. Fix another set of formal variables z
Proposition. The isomorphism of vector spaces
] defined in section 5 can be induced to commuting representations ofḦ d andÜ on the space
The formulas for induced actions ofḦ d may be taken from [C] for instance. The generators T i , Y i , Q, x, y act as follows
In particular, for any polynomial
As for the action ofÜ on
.., n − 1) be as in section 5 and consider an additional triple of operators e n , f n , k n ∈ EndḦ
where p 1/n is a fixed n-th root of p. In the one hand the operators e i , f i , k i , i = 0, 1, 2, ..., n − 1, define an action ofU h on V d commuting withḦ d . In the other hand the operators e i , f i , k i , i = 1, 2, ..., n, give an action ofU v on V d which is expressed as follows in terms of the Drinfeld generators ofU v (see [VV] ) : if j ∈ P 0 d and i = 1, 2, ..., n − 1, then
where ]r, s] = j −1 (i) and ]s, t] = j −1 (i + 1). The two representations ofU on V d given above can be glued in a representation of the toroidal quantum groupÜ. To that end we need to define formal series of operators e 0 (w), f 0 (w), k ± 0 (w) on V d in such a way that the e i (w)'s, the f i (w)'s and the k ± i (w)'s for i = 0, 1, ..., n − 1, satisfy the relations in section 3. Let φ ∈ EndḦ
Then, put
Proposition. The formal series e i (w), f i (w), k Proof. The relations in section 3 are satisfied as in [VV, [VV, 3.4] . Here for any j ∈ P d we write j = n j + j, with j ∈ P d and j ∈ P [VV] , is isomorphic as a vector space to
In order to describe the action ofÜ on this space set
Proposition. TheÜ-module V d is isomorphic to the Schur dual of the right regular representation ofḦ d . As a consequence the quotient
Proof. The proposition 5 implies that the bijection
intertwines the tensor representation ofU and the convolution module described in section 5. Thus the required isomorphism is the map
Ker (T i − q) (see [KMS] ).
Proposition. The q-wedges space
The left ideal I d is generated by the T i − q's and by Q − 1. Thus γω(I d ) is the right ideal ofḦ d generated by the
is an isomorphism from the space of q-wedges to the quotient of
] by the right ideal generated by the T i + q −1 's. We are thus reduced to prove that
. One inclusion follows from the relation (T i − q)(T i + q −1 ) = 0. The equality can be proved by using the formulas in section 5 since
for all i, j ∈ Z (where, as in section 4, v i+nk = v i ζ −k for all k ∈ Z and i = 1, 2, ..., n). ⊓ ⊔ From now on it will be more convenient to view the q-wedges space as the quotient
be the projection. For all j ∈ P d we denote indifferently by
the projection of the monomial v j = v j1 j2···j d in the q-wedges space. In section 2 we have described a representation ofḦ d on the ring of Laurent polynomials, R d , in which the action of X l was given by an explicit operator called x l . Letx l be the image of ω(X l ) in End (R d ).
Remark. A direct computation giveŝ
In particularx l = D l if q is one.
Theorem. The action of the generators ofÜ on d is given as follows :
Proof. According to the isomorphism above and the description of the Schur dual recalled in section 8, it suffices to prove that
⊓ ⊔
10. According to [KMS] set u j = X −j v j for all j ∈ P d . The Fock space, ∞/2 , is the linear span of semi-infinite monomials
where j 1 > j 2 > j 3 > j 4 > ... and j k+1 = j k − 1 for k >> 1. It splits as a direct sum of an infinite number of sectors, (m) is N-graded. Recall that the height of an infinite sequence j = (j 1 , j 2 , j 3 , ...) with only a finite number of non-zero terms is defined as |j| = k j k . Then, if j 1 > j 2 > j 3 > j 4 > ... and j k = m k for k >> 1, set deg(∧u j ) = |j − m|.
The degree of the vacuum vector is zero. We denote by
where e i |m 1+d k = 0, f i |m 1+d k = δ(i, 0)u m d k ∧ |m 2+d k , k i |m 1+d k = q δ(i,0) |m 1+d k .
Theorem. The formulas above define a representation ofÜ on the Fock space.
Proof. Let define φ ∞ as the linear automorphism of the Fock space ∧u j → ∧u 1+j , for all normally ordered q-wedge ∧u j ∈ ∞/2 . We need to check that e i (w) = φ By definition of the representation ofU v on the Fock space we are reduced to prove these formulas on the finite q-wedges with respect to
Up to the shift by u m d , this has been done in section 7. The first set of formulas follows since e i (w), f i (w) and k 
